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For a certain region of the parameter space {M, e, A}, the Cauchy horizon of a (charged) black hole residing in de Sitter space 
is classically stable to gravitational perturbations. This implies that, when left to its own devices, classical theory is unable 
to retain full predictive power: the evolution of physical fields beyond the Cauchy horizon is not uniquely determined by the 
initial conditions. In this paper we argue that the Cauchy horizon of a Reissner-Nordstrom-de Sitter black hole must always 
be unstable quantum mechanically. 

PACS numbers: 04.70.Dy; 04.62. +v 
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It is well known that general relativity admits a well 
posed initial value formulation ||l|. This implies that, 
given suitable initial data on a spacelike hypersurface 
S, the solution to the Einstein equations is uniquely de- 
termined (up to diffeomorphisms) everywhere within the 
domain of dependence of the initial surface, D{T,). For 
some spacetimes however, I?(S) fails to cover the whole 
manifold. The boundary of D(E) is known as the Cauchy 
horizon of the initial surface. In spacetimes with Cauchy 
horizons, the field equations lose their ability to com- 
pletely determine the future evolution of the gravitational 
field; predictability is lost at the Cauchy horizon. 

A particular example of a spacetime with Cauchy hori- 
zon, which shall form the arena of this Letter, is that of 
a black hole possessing either electric charge or angular 
momentum. For simplicity, we shall restrict our atten- 
tion to the case of a non-rotating, spherically symmet- 
ric, charged black hole, as described by the Reissner- 
Nordstrom solution. This spacetime is well-known to 
contain a Cauchy horizon [y, which is coincident with 
the black-hole inner apparent horizon. 

The Cauchy horizon of the Reissner-Nordstrom space- 
time is known to be unstable to time-dependent pertur- 
bations H] . Physically, the instability has to do with the 
fact that the causal past of the Cauchy horizon contains 
all of the spacetime external to the black hole. Physi- 
cal effects occurring outside appear highly blueshifted as 
seen by internal observers near the Cauchy horizon; the 
blueshift becomes infinite at the Cauchy horizon. 

The gravitational field near the Cauchy horizon of a 
perturbed Reissner-Nordstrom black hole has been the 
subject of vigorous investigation H. It appears that in 
the perturbed spacetime, the Cauchy horizon is replaced 
by a null curvature singularity. This singularity is char- 
acterized not by a collapse to zero area, but by an un- 
bounded increase of the internal mass function H . 

This Cauchy-horizon instability offers an interesting 
way out of the loss-of-predictability problem. That the 
Cauchy horizon becomes a curvature singularity implies 



that the classical evolution of the spacetime cannot pro- 
ceed beyond the Cauchy horizon. In this sense, the pre- 
dictive power of the theory stays intact. Of course, the 
classical theory becomes invalid in the vicinity of the sin- 
gularity, where quantum effects are presumably impor- 
tant W. The point is that classical theory must break 
down before the Cauchy horizon is encountered. 

It is striking that, in the case of black- hole spacetimes 
and within the realm of classical physics, the Cauchy- 
horizon instability does not serve as a universal mech- 
anism capable of restoring the full predictive power of 
the field equations. Indeed, black-hole spacetimes exist 
for which the Cauchy horizon is classically stable. While 
this is not generally possible if the black hole resides in 
asymptotically-flat space, stability can be arranged if the 
black hole is immersed in de Sitter space. 

In this Letter, we show that once quantum physics is 
invoked, the full predictive power of general relativity 
can be restored: even when it is classically stable, the 
Cauchy horizon cannot be stable quantum mechanically 
(excluding possibly a set of measure zero of spacetimes, as 
we shall explain). Instability is caused by the divergence 
of the renormalized expectation value of the stress-energy 
tensor associated with quantized matter fields. 

That quantum effects are needed to prevent a loss of 
predictability at the Cauchy horizon is most intriguing. 
In this respect, the physics of black- hole Cauchy horizons 
is remarkably similar to that of chronology horizons J5l . 

We begin with a brief review of the Reissner- 
Nordstrom-de Sitter (RNdeS) spacetime ||]. 

The solution to the Einstein-Maxwell equations (with 
cosmological constant A) representing a charged black 
hole in de Sitter space is given by 



ds^ = -fdv^ + 2dvdr + r^{dd^ + sin2^'^'^2^ 
/ = l-27\//r + eVr2-iAr2. 



(1) 



Here, f is a null coordinate which is constant along radial 
(^d9 — d<j) — 0), ingoing (r decreasing) null geodesies; M 



and e are, respectively, the mass and charge of the black 
hole. We use units in which G = c= 1. 

The RNdeS spacetime possesses three types of hori- 
zons. The cosmological horizon is located at r — Vc, and 
the black- hole outer horizon at r = re; the inner horizon 
{r — Vi) is also a Cauchy horizon for any external space- 
like hypersurface. The roots ri < Ve < Vc are determined 
by solving the quartic / = 0; the fourth root is unphys- 
ical. The surface gravity of the horizon r = rj is given 
by Kj = ^\f'i'i'j)\; here and throughout, a prime denotes 
differentiation with respect to the argument. 

We now introduce three observers in the RNdeS space- 
time (Fig. 1). C is a free-falling observer who crosses the 
future cosmological horizon; r increases along Cs world 
line. C is a static observer, located just inside the cos- 
mological horizon; along C"s world line, r — rc(l — e), 
where e is a small, positive constant. Finally, Z is a 
free-falling observer who crosses the Cauchy horizon; r 
decreases along X's world line. 

Mellor and Moss Q have carried out a classical per- 
turbation analysis for the Reissner-Nordstrom-de Sitter 
spacetime, and have shown that a region of the parame- 
ter space {M, e, A} exists for which the Cauchy horizon 
is stable. This region is defined by the inequality 

which was first written down by Brady and Poisson 
Recently, Chambers and Moss [pj have shown that Eq. (S) 
also implies stability for a rotating, charged black hole 
residing in de Sitter space. 

The condition (0) for classical stability can be moti- 
vated simply. The following discussion, borrowed from 
Ref. H, will help us understand the differences between 
the classical and quantum-mechanical stability analyses. 

We consider, in the fixed RNdeS background, a test 
distribution of non-interacting massless particles, in the 
continuum limit. The particles originate from the cos- 
mological region, move radially inward along curves v — 
const., and eventually fall into the black hole. They are 
described by the stress-energy tensor 



r„;3= [L{v)/4TTr^]ido.v)idpv) 



(3) 



We suppose that L{v) has support all the way to w = oo. 
To take into account the coordinate singularity at the fu- 
ture cosmological horizon, we let L{v) = Ke~^'^'''" , where 
K is a constant, in the limit v —>■ (x. A simple calcu- 
lation then shows that observer C measures an energy 
density pc that is everywhere finite and non-vanishing 
|lO| . Observer C, on the other hand, measures an energy 
density pc that vanishes in the limit e — > 0; for fixed e, 
PC oc/-ie-2-c.. 

Next, we consider the influx as measured by observer 
I. The energy density is now given by 



PI = {E^K/At 



-2(Kc — Kj)l 



(4) 



where E = ~Uy is a constant. We see that pi is red- 
shifted by the cosmological horizon, and blueshifted by 



the Cauchy horizon. It is this (infinite) blueshift which 
tends to produce an instability. Nevertheless, pi stays 
bounded when Eq. (0) is satisfied, and the Cauchy hori- 
zon is then classically stable. 

We now turn to the question of quantum stability. We 
assume that quantum fields exist in the RNdeS space- 
time, and we seek to examine the behavior of {Tap), the 
renormalized expectation value of their stress-energy ten- 
sor, near the Cauchy horizon. 

To calculate (Tq/j) is notoriously difficult, even in 
spherical symmetry |ll|. This is even more true in our 
case, because the quantum state cannot be chosen among 
the standard ones, such as the Hartle-Hawking or Unruh 
states pa. We shall therefore consider a simpler prob- 
lem, that of quantizing fields in a two-dimensional version 
of the RNdeS spacetime. The metric is taken to be 



ds' 



-fdudv, 



(5) 



where the null coordinate u is defined by du — dv — 
2f~^dr. In two dimensions, the calculation of {Tat) can 
be carried out explicitly ||T^. For simplicity, we shall 
consider only the case of a conformally invariant scalar 
field. Below we will argue that the conclusions reached 
within the two-dimensional model should stay valid when 
applied to the four-dimensional spacetime. 

We shall express (Tab) in the coordinates {u,v). How- 
ever, we shall define the quantum state by expanding 
the scalar field into positive- frequency modes of the form 
e~"^", e"*'^^, where the transformations u{u) and v{v) 
will be specified shortly. In this state, and as given 
in Ref. |]l3, the renormalized expectation value of the 
stress-energy tensor is (we set h — 1) 



(Tab) = Oab + tab + {^8n)-^R9ab. 



(6) 



Here, R is the Ricci scalar associated with the two- 
dimensional metric; Oab is a state-independent object 
whose non-vanishing components are 



-iuny'f/^dJr'/' 



(7) 



and 9yy (which is obtained by the replacement u — > u); 
tab contains the information about the state and has non- 
vanishing components 



t^^ = {24n)-^[l{u"/uf-u'"/u'] 



(8) 



and ty^ (obtained by the replacements u — > u, u — > u). 

We need a quantum state that is regular at both r = 
re and r = r^. Such a state has been constructed for 
the Schwarzschild-de Sitter spacetime by Markovic and 
Unruh fls] . It is trivial to generalize their construction to 
the RNdeS spacetime. The state is defined by choosing 
u to be an affine parameter along the null geodesic v = 
vq = const., and v an affine parameter along the null 
geodesic u = uq. The null geodesies intersect at a radius 
ro such that r^ < ro < Tc- These choices imply 



i' ^ f[r{vo - u)], v' = f[r{v ~ Uq)], 



(9) 



where we have indicated that r is a function of u and w, 
defined impHcitly by 2f~^dr = dv — du. 

A straightforward calculation, using the equations 
listed above, reveals that in the Markovic-Unruh state, 
{Tab) is given by 

{Tun) = -(48^)-^ [F{u, v) - F{u, vo)] , 

(r„,) = (487r)-V/", (10) 

(T™) = -(48^)-i [F{u, v) - F{uo, v)] , 



where 



F{u,v) ^ F[r{v - u)] ^ l{f' - 2fr). 



(11) 



For our purposes, the detailed functional form of F(r) is 
not important. What is essential is that near a horizon 
r = rj, F{r) asymptotically behaves as 



Fir) = ^,'-X,f + Oif% 



(12) 



where Xj = f'"{rj)/4:f'{rj) and Kj is the surface gravity. 
It can be checked that {Tab) is regular at r = re and 
r = Te; this can be done by introducing well-behaved 
coordinates adapted to the horizon under consideration. 

We now consider measurements made by observer C . 
To remain static, this observer must be strongly accel- 
erated. In the limit / ^ 0, his scalar acceleration is 
given by a = (^abo'^a'')^/^ — Hcf^^^^, where a" — u'^.j^u'' 
is the acceleration vector. C is therefore immersed in a 
bath of thermal radiation (just as an accelerated observer 
in Minkowski spacetime would) with Unruh temperature 
Tc = a/2Tr = Kcf-^/'^/2TT ]l6|. (Observer C, who is freely 
falling, has no indication that this thermal bath exists.) 
The Unruh radiation is not all that the static observer 
sees, for (outgoing) quanta are also created in the vicin- 
ity of the black-hole past horizon. (These are also seen 
by C.) These quanta are thermally distributed, and their 
locally-measured temperature T varies according to Tol- 
man's law, Tf/^ = const. = Kj2Tr (it). 

These conclusions are supported by the following re- 
sult, obtained with the help of Eqs. (fiX\ ) and ([l2|). At late 
times {u — > oo), observer C' measures an energy density 
given by (up to terms which are finite when / — > 0) 



(Pc) 



(48^)-ir'(«e' 



^c'). 



(13) 



It is noteworthy that the Unruh radiation contributes 
negatively to pc ■ This can be understood as follows [Q . 
Consider an accelerated observer in Minkowski space- 
time, performing measurements on a quantum field. We 
suppose that the field is in the true Minkowski vacuum 
state. The observer sees a thermal bath at tempera- 
ture a/2iT llq], and associates to it an energy density 
fc(a/27r)", where fc is a constant, a the acceleration, and 
n the dimensionality of spacetime. The observer also 
measures the vacuum polarization created by the quan- 
tum field. Because the renormalized energy density must 
be precisely zero if the field is in its true vacuum state. 



the vacuum polarization must contribute the negative 
amount — fc(a/27r)" to the total result. This contribu- 
tion does not depend on the quantum state, and is what 
appears as the second term to the right of Eq. ( [l^ ) . 

The negative contribution associated with the vacuum 
polarization is present in every mode of the quantum 
field. Thus, in terms of measurements made by C, the 
vacuum polarization cancels in the stress-energy tensor 
the contribution of the thermal flux emanating from the 
cosmological horizon. On the other hand, the thermal 
flux from the black-hole horizon is not cancelled (because 
of the difference in the horizon temperatures), and this 
results in the net (renormalized) flux (13|), which is di- 
rected toward the future cosmological horizon. We note 
that C travels in the same direction as this flux and, due 
to redshift, measures a finite energy density. This ac- 
counts for the regularity of the stress-energy tensor at 
the cosmological horizon. 

This partial cancellation by vacuum polarization ex- 
plains how a steady value for {pc) can be compatible 
with a finite value of {pc) at the cosmological horizon. 
Contrary to the classical case, the redshift factor e"^*^^" 
needs not, and does not, appear in Eq. ([l^). [Recall the 
discussion following Eq. (H).] This is a key result, which 
has nothing to do with the fact that our expression for 
Pc was derived for a four-dimensional spacetime, while 
Eq. (O) holds in two dimensions. This result must be 
attributed to the different physics associated with the 
classical and quantum fields. 

We are now ready to examine the behavior of the quan- 
tum stress-energy tensor in the vicinity of the Cauchy 
horizon. A slight difficulty is that the coordinates {u, v) 
do not cover the portion of spacetime inside the black 
hole. To remedy this, we transform back to v and r, 
using 2f~^dr = dv — du, which cover both the exterior 
and interior regions, up to w = oo. For convenience. 



we then introduce the null coordinate 



which is de- 



fined only in the interior region, by the transformation 
du' = 2f^^dr — dv. It is easy to see that under the 
combined transformation {u,v) — > {u',v), Eqs. (10)-(Q2) 
keep the same form, except that (T„'„) comes with the 
opposite sign, and that r is now a function of u' + v. 

We calculate {pi), the energy density as measured by 
observer X. If Kc j^ Hi, we find 



{px) - {Ey48n) {k. 



n.he^^^\ 



(14) 



which diverges in the limit v — > oo. (The thermal flux, 
which emanates from the cosmological horizon and hits 
the observer head-on, is not cancelled by the local vacuum 
polarization.) If, on the other hand, Hq = ^i, then (pi) 
is regular at the Cauchy horizon. We conclude that the 
Cauchy horizon of a two-dimensional RNdeS black hole 
is quantum-mechanically unstable |19| , except for the set 
of measure zero of spacetimes for which Hi — Kc- 

We believe that this conclusion also applies to the four- 
dimensional spacetime. Indeed, it appears to us that the 
fundamental physics of the problem, which is revealed 



by the two-dimensional calculation, is robust and does 
not depend on the dimensionality of spacetime (or on 
the nature of the quantum field — its spin, conformal- 
ity, etc.). Our results can all be intuitively explained in 
terms of fundamental processes such as the creation of 
thermal quanta near horizons, and the gravitational red- 
shifts and blueshifts that these quanta undergo. (And 
once the contrast between pc and (pc) is made, it fol- 
lows easily from a blueshift argument that, generically, 
{px) must diverge at the Cauchy horizon.) These pro- 
cesses take place equally well in four as in two dimen- 
sions |1^]. Physical intuition therefore suggests that our 
two-dimensional results should be qualitatively valid also 
in four dimensions. 

We therefore conjecture that, excluding possibly a set 
of measure zero of such spacetimes, the Cauchy horizon of 
a four-dimensional RNdeS spacetime is always quantum- 
mechanically unstable. The mechanism for instability 
is the divergence of {Tap), the renormalized expectation 
value of the stress-energy tensor associated with quan- 
tized matter fields. 
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FIG. 1. Conformal diagram representing a portion of the 
RNdeS spacetime. Shown are the cosmological horizons at 
r = re (future: v — 00; past: u = —00), the black-hole outer 
horizons at r = re (future: u = 00; past v = —00), and 
the inner (Cauchy) horizon at r = r^. Also shown are the 
asymptotic de Sitter region r = cx), the timelike singularity 
r = 0, and the world lines of our three observers. 



[1] S.W. Hawking and G.F.R. Ellis, The large scale structure of 
space-time (Cambridge University Press, Cambridge, Eng- 
land, 1973). 

[2] S. Chandrasekhar and J.B. Hartle, Proc. R. Soc. London 
A284, 301 (1982). 

[3] W. Israel, Int. J. Mod. Phys. D 3, 71 (1994). 

[4] R. Balbinot and E. Poisson, Phys. Rev. Lett. 70, 13 (1993). 

[5] K.S. Thorne, in General Relativity and Gravitation 1992, 
Proceedings of the 13th International Gonference on Gen- 
eral Relativity and Gravitation, edited by R.J. Gleiser, C.N. 
Kozameh, and O.M. Moreschi (Institute of Physics Pub- 
lishing, Bristol, England, 1993). 

[6] B. Carter, in Black Holes, edited by C. DeWitt and B.S. 
DeWitt (Gordon and Breach, New York, 1973). 

[7] F. Mellor and I. Moss, Class. Quantum Grav. 9, L43 
(1992). 

[8] P.R. Brady and E. Poisson, Class. Quantum Grav. 9, 121 
(1992). 

[9] CM. Chambers and I. Moss, Class. Quantum Grav. 11, 
1035 (1994). 
[10] Here and below, the measured energy density is given by 
p = Ta0U°'u^, where u" is the observer's four-velocity. A 
similar statement holds for the quantum stress-energy ten- 
sor. 
[11] See, e.g., P.R. Anderson, W.A. Hiscock, and D.A. Samuel, 

Phys. Rev. Lett. 70, 1739 (1993). 
[12] W.A. Hiscock, Phys. Rev. D 39, 1067 (1989). 
[13] P.C.W. Davies, S.A. Fulling, and W.G. Unruh, Phys. Rev. 



This figure "figl-l.png" is available in "png" format from: 



http://arXiv.org/ps/gr-qc/94 1 1 002v 1 



